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Back to the origins. . .

today

LynDEX

Shirshov, 1953

Lyndon, 1954

Chen et al, 1958

Duval, 1978

Fredericksen et al, 1978

Booth, 1980

Duval, 1983

Duval, 1988

Scott, 2007

Mantaci et al, 2013

Franek et al, 2016

Bannai et al, 2017
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Standard sequences: Lyndon, 1954

"algorithmics" is a standard sequence.

"mathematics" is not a standard sequence.
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Regular words: Shirshov, 1953
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Lyndon words

Let w be a Lyndon word (not reduced to a single letter):

w is strictly lexicographically smaller than all its proper suffixes

w is the smallest element of its conjugacy class

let v be the longest proper suffix of w that is a Lyndon word, then
w = uv where u is also a Lyndon word and u <lex v: it is called the
”standard factorization” or ”right standard factorization”

similarly, let u’ be the longest proper prefix of w that is a Lyndon
word, then w = u’v’ where v’ is also a Lyndon word and u’ <lex v’:
it is called the ”left standard factorization”
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Lyndon words: a 2D point of view
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x with x and y co-prime = Lyndon word

Greatest Lyndon word of length x + y

with x a’s and y b’s

Arnaud Lefebvre The LynDEX Project 14 December 2023 7 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

closest point = standard factorization

standard factorization

Arnaud Lefebvre The LynDEX Project 14 December 2023 7 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

more distant point = palindromic factorization

palindromic factorization

Arnaud Lefebvre The LynDEX Project 14 December 2023 7 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

Let’s break the slope! (8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorizationstandard factorization

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aababaab

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aababaab

aba

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aababaab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aabab

abaab

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aabab

abaab

aba

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aabab

abaab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aababaabaabab

aabab

ab

ba

aab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aabab

abaab

aabaabab

aabab

ab

ba

aab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aabab

abaab

aba

aabaabab

aabab

ab

ba

aab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

standard factorization

aabaababaabab

aabab

abaab

ab

ba

a

aabaabab

aabab

ab

ba

aab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

(8,5)

a a

b
a a

b
a

b
a a

b
a

b

aabaababaabab

aabab

ab

ba

aab

ab

ba

a

aabaabab

aabab

ab

ba

aab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

Lyndon tree (8,5)

a a

b
a a

b
a

b
a a

b
a

b

aabaababaabab

aabab

ab

ba

aab

ab

ba

a

aabaabab

aabab

ab

ba

aab

ab

ba

a

aab

ab

ba

a

Arnaud Lefebvre The LynDEX Project 14 December 2023 8 / 25



Lyndon words: a 2D point of view

(0,0)

(8,6)

a a

b
a

b

b
a

b

b

(4,5)

standard factorization

closest point

free points

aababbabb is a Lyndon word but. . .
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Lyndon tree and left Lyndon tree
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The Chen-Fox-Lyndon Theorem

In 1958, Chen, Fox and Lyndon established that any word w can be
uniquely factored in a non increasing sequence of Lyndon words:

a b b a b b a b b a bw =
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Booth (1980)

a
0

b
1

b 2

a 3

b
4b

5

a
6

b
7

b8

a9
b

10

Finds the least circular substring (based on Knuth-Morris-Pratt algorithm,
1977).
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Factorization into Lyndon words [Duval,83]

w = b b a b b a b a b a b a a b a a a

Let wi and wj be two letters at positions i < j :

Case 1: wi = wj then next current factor has a border

Case 2: wi <lex wj then next current factor is a Lyndon word

Case 3: wi >lex wj then current factor can be factored

into Lyndon word(s) (according to its period)
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Factorization into Lyndon words [Duval,83]

w = b b a b b a b a b a b a a b a a a

Factorization is performed:

online

in linear time

with constant extra space (3 integers)
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But. . .

. . . where do the Lyndon words come from?
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Lothaire, 1982
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The origin of ”Lyndon words”
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Suffix permutation → Lyndon factorization

w =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

sp(w) =
b b a b b a b a b a b a a b a a a
16 14 8 15 13 7 12 6 11 5 10 3 4 9 2 1 0
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Factorization → suffix permutation [Mantaci et al,2013]

w =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

sp(w) =
b b a b b a b a b a b a a b a a a
16 14 8 15 13 7 12 6 11 5 10 3 4 9 2 1 0

Given the Lyndon factorization of a word, the relative order of two suffixes
inside one of these factors is the same as their relative order in the whole
word.
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Burrows-Wheeler Transform Scottified [Scott,2007]

w =
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

b b a b b a b a b a b a a b a a a
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Burrows-Wheeler Transform Scottified [Scott,2007]
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Lyndon words generation [Duval,1988]

Lyndon words of length up to 4:
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de Bruijn word of order n

A de Bruijn word of order n is a circular word containing exactly one
occurrence of all possible words of length n.
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Back to the origins. . .

today

LynDEX

Shirshov, 1953

Lyndon, 1954

Chen et al, 1958

Duval, 1978

Fredericksen et al, 1978

Booth, 1980

Duval, 1983

Duval, 1988

Scott, 2007

Mantaci et al, 2013

Franek et al, 2016

Bannai et al, 2017
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Conclusion

What I didn’t talk about

how Lyndon words can be useful for proving theorems

Lyndon arrays

Lyndon border arrays and Lyndon suffix arrays

Lyndon words as convex envelops

certainly many other things
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Conclusion

Re ”Lyndon words”, I very much hope that they will some day be
commonly known (also?) as ”prime strings”, because they are so
fundamentally important.

D. E. Knuth, Oct. 2023
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